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INTRODUCTION
Control system design based on eigenvalue o r p o l e assignment h a s r e c e i v e d a g r e a t d e a l of a t t e n t i o n i n t h e l i t e r a t u r e . It is w e l l known t h a t f o r a cont r o l l a b l e system, i f s t a t e v a r i a b l e feedback i s employed, a l l e i g e n v a l u e s can be assigned ( r e f . 1 ) .
Also i t i s known t h a t f o r m u l t i -i n p u t systems, t h e feedback l a w a s s i g n i n g a g i v e n s e t of e i g e n v a l u e s i s n o t unique and t h a t d i f f e r e n t cont r o l laws can y i e l d i d e n t i c a l e i g e n v a l u e s while y i e l d i n g r a d i c a l l y d i f f e r e n t e i g e n v e c t o r s . S i n c e t h e e i g e n v e c t o r s determine t h e i n f l u e n c e of each eigenvalue
on each s t a t e v a r i a b l e r e s p o n s e , f a i l u r e t o use t h e m u l t i -i n p u t design freedom f u l l y may r e s u l t i n u n d e s i r a b l e mode coupling and o t h e r poor t r a n s i e n t behavior. For n -s t a t e feedback s y s t e m s , it has been shown ( r e f . 2 ) t h a t with m i n p u t s , i n a d d i t i o n t o t h e assignment of a l l n e i g e n v a l u e s , up t o m e n t r i e s i n each e i g e n v e c t o r can be a r b i t r a r i l y a s s i g n e d . However, t h e problem of eigenvalue assignment u s i n g o u t p u t feedback i n s t e a d of s t a t e feedback has n o t y e t been comp l e t e l y r e s o l v e d . The problem o f determining c o n d i t i o n s under which a l l eigenv a l u e s of a s y s t e m can be a r b i t r a r i l y a s s i g n e d t o a system under o u t p u t feedback has been i n v e s t i g a t e d i n r e f e r e n c e s 3 and 4 . Bounds on t h e number of s t a t e s , i n terms of number of i n p u t s , o u t p u t s , c o n t r o l l a b i l i t y , and o b s e r v a b i l i t y i n d i c e s are e s t a b l i s h e d f o r complete p o l e a s s i g n a b i l i t y . Reference 5 shows t h a t f o r a system with r o u t p u t s , i f m r 2 n t h e n t h e system is p o l e -a s s i g n a b l e provided t h e feedback g a i n elements are allowed t o be complex numbers.
7 a d d r e s s t h e converse problem: g i v e n a c o n t r o l l a b l e , o b s e r v a b l e system, how many e i g e n v a l u e s can be a r b i t r a r i l y assigned t o t h e system. I n g e n e r a l , it is concluded ( r e f . 7 ) t h a t minimum (n,m + r -1) e i g e n v a l u e s can 'Ialmost1? always be assigned t o t h e system u s i n g o u t p u t feedback. The q u a l i f i c a t i o n llalmost" was i n t r o d u c e d t o cover c l a s s e s of systems where such a n assignment is impossible.
I n e f f e c t , t h e a n a l y s i s i n r e f e r e n c e 7 does not p r e c i s e l y determine t h e condit i o n s under which ( m + r -1) e i g e n v a l u e s cannot be a s s i g n e d t o t h e system.
References 6 and
This r e p o r t c o n s i d e r s t h e problem of determining t h e number o f e i g e n v a l u e s By f o r m u l a t i n g an e i g e n v a l u e / e i g e n v e c t o r a s s i g na s s i g n a b l e t o a g i v e n system. ment problem, s u f f i c i e n t c o n d i t i o n s r e q u i r e d f o r t h e assignment o f minimum (n,m + r -1) e i g e n v a l u e s are d e r i v e d . These c o n d i t i o n s p r e c i s e l y i d e n t i f y t h e class o f systems which can be assigned only d e i g e n v a l u e s , where maximum ( m , r ) 5 d < (m + r -1 ) . algorichm t o a s s i g n (m + r -1) eigenvalues. I n a d d i t i o n , ( r -1) e i g e n v e c t o r s can be p a r t i a l l y a s s i g n e d w i t h , a t most, m e n t r i e s i n each v e c t o r a r b i t r a r i l y chosen. I n t h e event n > (m + r -I ) , v a r i o u s s y n t h e s i s a l t e r n a t i v e s t o s t a b il i z e t h e system are a l s o i n v e s t i g a t e d s i n c e i n t h i s case a l l system e i g e n v a l u e s cannot be a s s i g n e d . The counter example o f r e f e r e n c e 7 is used t o demonstrate t h e u t i l i t y of t h e new s u f f i c i e n t c o n d i t i o n s i n i d e n t i f y i n g systems which cannot be assigned (m + r -1) e i g e n v a l u e s . F i n a l l y , t h e advantage of both eigenvalue and e i g e n v e c t o r assignments i n response shaping i s i l l u s t r a t e d by designing a c o n t r o l l e r t o meet the l a t e r a l handling q u a l i t i e s s p e c i f i c a t i o n s f o r an a i r c r a f t .
The new f o r m u l a t i o n p e r m i t s t h e development o f a n
SYMBOLS
Values are given i n S I and U.S. Customary U n i t s . C a l c u l a t i o n s were made i n U.S. Customary Units.
A system m a t r i x
A E Rnxn n x n real m a t r i x A l a t e r a l a c c e l e r a t i o n , m/sec2 ( f t / s e c 2 ) aY 
Li matrices used i n e q u a t i o n (23) and derived by s u b s t i t u t i n g equat i o n ( 6 ) i n t o e q u a t i o n ( 7 ) , ,-,* transformed q u a n t i t y
Upper case l e t t e r s of t h e a l p h a b e t i n d i c a t e matrices; m a t r i x s u b s c r i p t s i n d i c a t e p a r t i t i o n e d q u a n t i t i e s . Dot over a q u a n t i t y denotes d e r i v a t i v e w i t h r e s p e c t t o t i m e . Prime denotes t r a n s p o s e .
EIGENVALUE/EIGENVECTOR ASSIGNMENT FORMULATION
Consider a l i n e a r , time i n v a r i a n t , m u l t i v a r i a b l e , c o n t r o l l a b l e , observable system
where x E Rn, u E Rm9 y E R r , and B and C are f u l l r a n k ; and f o r a t r i v i a l problem f o r m u l a t i o n , assume m , r > 1 and m , r < n . The problem f i n d a c o n t r o l law o f the form u = Ky i n o r d e r t o a s s i g n a r b i t r a r y e i g e n v a l u e s f o r t h e closed-loop system. To ( 1 ) noni s t o ( 2 ) i n d icate c l e a r l y t h e freedom a v a i l a b l e i n t h e s e l e c t i o n o f closed-loop e i g e n v a l u e s and e i g e n v e c t o r s under output feedback, t h e measurement m a t r i x C is assumed t o be i n a s p e c i a l c a n o n i c a l form:
Here, t = r -1 , C1 E R r x t , c E R l x n -t , and It denotes a tth o r d e r i d e n t i t y m a t r i x . Appendix A d e t a i l s a procedure f o r reducing any system ( C , A , B ) t o t h i s s p e c i a l form .
The closed-loop system m a t r i x ( A + BKC) a f t e r a p p l y i n g feedback l a w ( 2 )
where X i is t h e i t h eigenvalue and v i i s t h e corresponding e i g e n v e c t o r . The e i g e n v a l u e / e i g e n v e c t o r assignment problem i s t o determine t h e number o f eigenv a l u e s i n equation ( 4 ) t h a t can be a r b i t r a r i l y assigned and t o determine t h e freedom a v a i l a b l e i n t h e s e l e c t i o n o f t h e a s s o c i a t e d e i g e n v e c t o r s .
I n o r d e r t o see what freedom e x i s t s i n t h e choice o f e i g e n v e c t o r s , write e q u a t i o n ( 4 ) i n p a r t i t i o n e d form as where A11,Bl E Rmxm and B1 is n o n s i n g u l a r . Since B is f u l l rank, t h e nons i n g u l a r i t y o f B1 can be a s s u r e d , i f n e c e s s a r y , by r e o r d e r i n g t h e s t a t e v a r ia b l e s i n e q u a t i o n s ( 1 ) . Completing t h e m u l t i p l i c a t i o n o f the p a r t i t i o n e d matrices and some algebraic o p e r a t i o n s (ref. 8) p e r m i t s e q u a t i o n ( 5 ) t o be expressed as a set o f c o n s t r a i n t s on t h e s e l e c t i o n of e i g e n v e c t o r s . For c l a r i t y o f p r e s e n t a t i o n , t h e s e r e l a t i o n s are d e t a i l e d o n l y f o r real e i g e n v a l u e s . Extens i o n t o complex conjugate p a i r s i n quasi-diagonal form y i e l d i n g real e i g e n v e c t o r p a i r s is s t r a i g h t f o r w a r d ( r e f . 8 ) .
For real eigenvalues
[XI,_,
where is t h e e i g e n v a l u e , v ' = [z' : w']; v is t h e e i g e n v e c t o r with z E Rm, and
Equation ( 6 ) r e p r e s e n t s an underdetermined system of n -m e q u a t i o n s i n ( 6 ) ( 7 ) ( 1 1 ) n unknowns. Thus m eigenvector e n t r i e s corresponding t o t h e z-vector can be chosen a r b i t r a r i l y provided does not c o i n c i d e with t h e spectrum o f F.
Examination o f equation ( 7 ) r e v e a l s t h a t a t l e a s t r e i g e n v a l u e s and r eigenv e c t o r s s a t i s f y i n g e q u a t i o n ( 6 ) can be a s s i g n e d t o t h e s y s t e m i n e q u a t i o n s ( 1 ) by t h e feedback m a t r i x
where A, is t h e diagonal matrix of r e i g e n v a l u e s and Z ( r ) and V ( r )
have t h e form T ( r ) = [ti : t 2 : . . (12) is .guaranteed provided t h e eigenvalues/eigenvectors are chosen t o i n s u r e t h e n o n s i n g u l a r i t y o f It should be noted t h a t i n t h e case of s t a t e v a r i a b l e feedback ( C = I ) a l l n e i g e n v a l u e s can be n . ' [CV(r)f.
. : tr] (where t i are v e c t o r s ) . The s o l u t i o n t o equation
Notice t h a t by c a r r y i n g o u t t h i s a n a l y s i s on t h e d u a l system ( B 1 , A ' , C ' ) ,
it can be shown t h a t m eigenvalues can be assigned t o t h e system. This analysis y i e l d s t h e f o l l o w i n g well-known r e s u l t (ref. 9 ) .
Lemma 1 : For system ( C , A , B ) , max(m,r) e i g e n v a l u e s can be assigned u s i n g o u t p u t feedback.
The a n a l y s i s so far i n d i c a t e s t h a t only max(m,r) e i g e n v a l u e s can be assigned t o t h e system u s i n g o u t p u t feedback. However, by s a c r i f i c i n g some degree of freedom i n t h e s e l e c t i o n o f t h e a s s o c i a t e d e i g e n v e c t o r s it is p o s s i b l e t o extend the number of e i g e n v a l u e s t h a t can be a s s i g n e d t o as is shown i n t h e following s e c t i o n .
The basic approach i n t h e development o f t h i s a l g o r i t h m is t o 2 o n s t r u c t t h e o u t p u t feedback l a w i n e q u a t i o n ( 2 ) as a sum o f two feedbacks (K + K). first feedback (E) a s s i g n s a d d i t i o n a l min(m,n -t ) e i g e n v a l u e s w h i l e e n s u r i n g t h e p r o t e c t i o n of t h e t e i g e n v a l u e s a l r e a d y a s s i g n e d . The c o n s t r u c t i o n procedure y i e l d s a s e t o f s u ff i c i e n t c o n d i t i o n s f o r a s s i g n i n g min(n,m + r -1 ) e i g e n v a l u e s . These condit i o n s a l s o h e l p c h a r a c t e r i z e the class o f systems which cannot be assigned min(n,m + r -1 ) e i g e n v a l u e s . F i n a l l y , some design freedom s t i l l e x i s t s t o p a r t i a l l y a s s i g n ( r -1 ) e i g e n v e c t o r s .
The t e i g e n v a l u e s , and t h e second feedback a s s i g n s S t e p 1 :
Assign t e i g e n v a l u e s and corresponding e i g e n v e c t o r s t o t h e system i n e q u a t i o n s ( 1 ) where At E R t X t is t h e d i a g o n a l m a t r i x of e i g e n v a l u e s a s s i g n e d i n s t e p 1 . It should be noted t h a t C2 is i n v a r i a n t under t h e t r a n s f o r m a t i o n TI.
S t e p 3:
I n o r d e r t o a s s i g n a d d i t i o n a l e i g e n v a l u e s t o the system o f e q u a t i o n s (162 while p r o t e c t i n g is r e s t r i c t e d t o be o f u n i t y rank o f the form K = qRc w i t h q E Rm, R E R r , and is chosen so t h a t t e i g e n v a l u e s (A,) a l r e a d y a s s i g n e d , t h e second feedback (K)
Now q must be chosen so t h a t is a s s i g n e d min(m,n -t ) e i g e n v a l u e s .
Since ( i 2 2 ,g2) is c o n t r o l l a b l e , the f o l l o w i n g r e s u l t holds:
Theorem 1: assigned min(m,n -t ) e i g e n v a l u e s i f and only i f ( a ) (c,A22)
is observable and ( b ) 62 is f u l l rank.
The s i n g l e o u t p u t subsystem (c,A22,B2) can be ~ Theorem 1 follows d i r e c t l y from lemma 1 . F u r t h e r , c o n d i t i o n s ( a ) and ( b ) restrict t h e a d m i s s i b l e s e t o f e i g e n v a l u e / e i g e n v e c t o r assignments i n s t e p 1 . For conceptual convenience, these p a r a m e t r i c r e s t r i c t i o n s are formulated i n terms o f c o n t r o l l a b i l i t y c o n d i t i o n s of a f i c t i t i o u s dynamic system i n t h e s t a t e v a r i a b l e r e p r e s e n t a t i o n . After matr;x o p e r a t i o n s i n e q u a t i o n s (14) and (16) have been performed, t h e submatrix A22 can be w r i t t e n as Equation ( 2 0 (ii) An e x a c t combination o f e i g e n v a l u e / e i g e n v e c t o r s p e c i f i c a t i o n s i n s t e p 1 may not y i e l d a nonsingular N1 (appendix B ) .
n appendix B. Condition I11 is obtained from t h e p r o p e r t y t h a t f o r system ( e q s . (2111, t h e class of feedback from i n p u t 1-11 should be r e s t r i c t e d so t h a t t h e c o n t r o l l a b i l i t y of t h e feedback system with r e s p e c t t o t h e i n p u t 1-12 is preserved. Conditions I1 and I11 y i e l d nonlinear_ a l g e b r a i c c o n s t r a i n t s for t h e elements of t h e e i g e n v e c t o r parameter matrix and t h u s , i n g e n e r a l , can only be used as t e s t c o n d i t i o n s f o r each assignment i n s t e p 1 . However, example 1 o f t h e s e c t i o n e n t i t l e d llNumerical Examples1! shows how t h e s e c o n d i t i o n s can be e x p l i c i t l y checked.
N2
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S t e p 4:
If theorem 2 h o l g s , Amin(m,n -t ) e i g e n v a l u e s can be a s s i g n e d t o t h e s i ng l e o u t p u t system (c,A22,B2) by t h e feedback q d e r i v e d from lemma 1 .
S t e p 5:
The composite feedback l a w u = (i?
If the e i g e n v a l u e s t o be assigned are noncoincident w i t h t h e spectrum o f F ( i f n e c e s s a r y , by a p e r t u r b a t i o n i n s p e c i f i c a t i o n ) , then e q u a t i o n ( 6 ) can be e x p l i c i t l y solved f o r t h e w-vector and s u b s t i t u t e d i n t o e q u a t i o n ( 7 ) . T h i s sub- A s e t o f n n o n l i n e a r e q u a t i o n s i n t h e m , r parameters o f t h e g a i n m a t r i x K can be d e r i v e d by s e t t i n g t h e a p p r o p r i a t e determinant i n e q u a t i o n (24) e q u a l t o z e r o . However, no g e n e r a l c o n c l u s i o n s can b e drawn r e g a r d i n g t h e e x i st e n c e of t h e s o l u t i o n .
An a l t e r n a t i v e approach not i n v o l v i n g s o l u t i o n of n o n l i n e a r e q u a t i o n s is t o a s s i g n t e i g e n v a l u e s as i n e q u a t i o n (14) and t o a t t e m p t t o a s s i g n t h e remaini n g ( n -t ) e i g e n v a l u e s approximately t o t h e subsystem i n e q u a t i o n (18) u s i n g t h e c o n d i t i o n i n e q u a t i o n (24). I n t h i s case, a s e t o f ( n -t ) l i n e a r e q u a t i o n s
i n m unknowns r e s u l t s , and a l e a s t -s q u a r e s s o l u t i o n can be obtained. 
. For t h e c o n t r o l l a b i l i t y m a t r i x i n equation (30) t o be o f f u l l rank, t h e e i g e n v e c t o r parameters i n e q u a t i o n (28) m u s t s a t i s f y
n2n3 -n4 + n32 + n3n4 # o
By d i r e c t s u b s t i t u t i o n e q u a t i o n (31) is seen t o be v i o l a t e d by a l l admiss i b l e s e l e c t i o n s i n equation ( 2 8 ) .
(m + r -1) = 3 e i g e n v a l u e s . Indeed, only two e i g e n v a l u e s can be a s s i g n e d t o (31 1
Thus, t h e system cannot b e a s s i g n e d t h i s system ( r e f . 7 ) . However, t h e p r e v i o u s a n a l y s e s ( r e f s . 3 and 7 ) do n o t p r e c i s e l y lead t o t h i s conclusion. 
It i s r e q u i r e d t o a s s i g n e i g e n v a l u e s c l o s e t o -1 , -2, and -5. The system ( 3 2 ) can be reduced t o t h e form of e q u a t i o n s ( 1 ) by f o l l o w i n g t h e procedure i n append i x A as S t e p 1 : Measurement m a t r i x i s i n t h e d e s i r e d form w i t h ea n o n s i n g u l a r . S t e p 2: Apply c o o r d i n a t e t r a n s f o r m a t i o n (C,A,B) + ~C T~, T~-~~T~, T~-~B~
The system (34) is i n t h e r e q u i r e d c a n o n i c a l form o f e q u a t i o n s ( I ) . t h e following s y n t h e s i s sequence.
The closedloop e i g e n v e c t o r c o n s t r a i n t s i n e q u a t i o n s (34) can be derived by i d e n t i f y i n g t h e r e s p e c t i v e matrices i n e q u a t i o n s ( 8 )
S t e p 1: . . . . The closed-loop system matrix of equation ( 1 4 ) is Step 2:
Now, applying t h e a l g o r i t h m t o a
Transform the system to the canonical form of equations (16) using TI to yield 1 . 0 . . . . ; ;j
15
From e q u a t i o n s (21) we can form t h e dynamic system w i t h
S i n c e feedback from I-rl does n o t affect t h e c o n t r o l l a b i l i t y of system ( 4 1 ) w i t h r e s p e c t t o ~2 ,
t h e subsystem is p o l e a s s i g n a b l e from c o n d i t i o n I11 o f theorem 2 . is nonsingular. Thus theorem 2 holds.
F u r t h e r , t h e assignment i n s t e p 1 s a t i s f i e s c o n d i t i o n I1 s i n c e 82
Choose R' = (-2
) . T h i s choi2e p r o t e c t s X = -a s s i g n e d i n s t e p .
It now remains t o choose q so t h a t K = qR' a s s i g n s t h e eigenvalues X2 = -2 and A3 = -5. The feedback l a w o f t h e form o f e q u a t i o n (22) i s given by and a s s i g n s t h e e i g e n v a l u e s -1, -2, and -5 t o t h e system ( e q . ( 3 2 ) ) .
AIRCRAFT LATERAL, CONTROL DESIGN The advantage of combined c o n t r o l of closed-loop e i g e n v a l u e s and eigenvect o r s using s t a t e v a r i a b l e feedback has been i n v e s t i g a t e d i n r e f e r e n c e IO. The u t i l i t y of t h e output feedback e x t e n s i o n s developed i n t h i s r e p o r t w i l l now b e i l l u s t r a t e d through t h e d e s i g n o f a l a t e r a l c o n t r o l l e r f o r an a i r c r a f t .
The l i n e a r p e r t u r b a t i o n model f o r t h e l a t e r a l motions o f an a i r c r a f t can b e modeled as 1 j: = Ax + Bu y = Ex + Du (45) where x i s t h e s t a t e v e c t o r o f r o l l rate p , yaw r a t e 9, s i d e s l i p 6, and bank a n g l e 0, r e s p e c t i v e l y . The c o n t r o l v e c t o r of a i l e r o n 6, and rudder 6, a n g u l a r d e f l e c t i o n s is u. Roll rate p , yaw rate Q, and l a t e r a l accelerat i o n ay c o n s t i t u t e t h e o u t p u t v e c t o r y. A l l a n g l e s are i n degrees, rates i n deg/sec, and a c c e l e r a t i o n i n m/sec2 ( f t / s e c 2 ) .
The r e s p e c t i v e matrices i n e q u a t i o n s (45) f o r a f i g h t e r a i r c r a f t a t an a l t it u d e of 6096 m (20 000 f t ) , a Mach number of 0.67, and an a n g l e of a t t a c k of t h e matr-ces are approx-aated t o two s i g n i f i c a n t d i g ts.
vector i n e q u a t i o n s (45) is d e r i v e d as a l i n e a r combina-S i n c e t h e o u t p u t ' t i o n of both state v a r i a b l e s and c o n t r o l i n p u t s , t h e closed-loop system after applying feedback u = K*y t a k e s t h e form x = (si + BKC)X + GPu and K = PK* is t h e e q u i v a l e n t o u t p u t feedback matrix obtained by s e t t i n g = 0. Thus, t h e a l g o r i t h m s developed e a r l i e r f o r systems with 5 = 0 P e x i s t s . are a p p l i c a b l e t o systems o f t h e form of e q u a t i o n s (451, provided Then t h e feedback g a i n K* i s computed by u s i n g t h e r e l a t i o n
Direct m a t r i x manipulations show t h a t t h e i n v e r s e i n equation (47) e x i s t s i f P e x i s t s .
The handling q u a l i t i e s s p e c i f i c a t i o n s ( r e f . 1 1 ) imply t h a t t h e l a t e r a l airc r a f t dynamics should be composed of two weakly coupled subsystems. R o l l rate and bank a n g l e c o n s t i t u t e t h e first subsystem The o u t p u t feedback a n a l y s i s i n t h e main text shows t h a t a l l system eigenv a l u e s can be a s s i g n e d s i n c e n = m + r -1 and o n l y two e i g e n v e c t o r s ( t ) can be assigned w i t h a t most two (m) e n t r i e s i n each v e c t o r a r b i t r a r i l y chosen. The e i g e n v e c t o r freedom a v a i l a b l e was used t o c o n t r o l t h e s t r u c t u r e o f t h e eigenvect o r p a i r corresponding t o the Dutch r o l l mode t o effect t h e d e s i r e d yaw rate and s i d e s l i p dominance. The modal coupling matrices D ( k ) (eq.
The f o u r e i g e n v e c t o r e n t r i e s t h a t were f r e e l y chosen corresponded t o t h e roll rate and yaw rate components of t h e real e i g e n v e c t o r p a i r a s s o c i a t e d w i t h t h e Dutch roll mode. S i n c e g a i n magnitude c o n s t r a i n t s cannot be e x p l i c i t l y i n c l u d e d i n t o t h e s y n t h e s i s a l g o r i t h m , t h e design parameters have t o be i t e r a t i v e l y modif i e d t o meet g a i n l i m i t requirements. After some design i t e r a t i o n s , a compromise design y i e l d e d the modal characteristics summarized i n t a b l e 111. For example, Z t was noted t h a t t h e Dutch roll mode damping could not be reduced ( t o improve $ and B responses) without v i o l a t i n g feedback g a i n l i m i t s which were s e t a t u n i t y f o r t h i s a n a l y s i s . Table I11 i l l u s t r a t e s t h a t t h e closed-loop e i g e n v e c t o r s have approached t h e d e s i r e d mode-decoupled s t r u c t u r e . I n p a r t i c u l a r , t h e d e s i r e d m o d i f i c a t i o n achieved i n the e i g e n v e c t o r p a i r corresponding t o t h e Dutch roll mode should be noted. The improvement i n t r a n s i e n t response c h a r a c t e r i s t i c s u s i n g t h e feedback c o n t r o l l e r i s i l l u s t r a t e d i n f i g u r e 1 . The response curves demonstrate t h a t t h e c r o s s coupling between t h e roll a x i s ( p , @ ) and yaw a x i s (Q,B) has been s i g n i f ic a n t l y reduced. CONCLUDING REMARKS New s u f f i c i e n t c o n d i t i o n s t o a s s i g n minimum (n,m + r -1 ) e i g e n v a l u e s by means o f o u t p u t feedback have been d e r i v e d . I n g e n e r a l , i n a d d i t i o n t o t h e assignment o f minimum (n,m + r -1) e i g e n v a l u e s , ( r -1) e i g e n v e c t o r s can b e p a r t i a l l y assigned with a t most The u t i l i t y o f a s s i g n i n g both e i g e n v a l u e s and e i g e n v e c t o r s f o r response modific a t i o n is i l l u s t r a t e d by designing a feedback c o n t r o l l e r f o r t h e l a t e r a l dynami c s o f an a i r c r a f t . i n v o l v e s only t h e s o l u t i o n o f a l i n e a r system o f e q u a t i o n s . where Ea E RrXr and nonsingular. It should be noted t h a t t h e dimensions o f t h e p a r t i t i o n e d matrices i n e q u a t i o n ( A 2 1 are d i f f e r e n t from t h o s e i n e q u a t i o n s ( 3 1 . 
APPENDIX B EIGENVALUEVEIGENVECTOR SELECTION PROCEDURE
For completeness o f p r e s e n t a t i o n , an e x i s t i n g a l g o r i t h m ( r e f . 8) developed f o r e i g e n v a l u e / e i g e n v e c t o r assignment u s i n g state v a r i a b l e feedback i s d e t a i l e d i n t h i s appendix. Extensions are made t o adopt the a l g o r i t h m for t h e o u t p u t feedback cases d i s c u s s e d i n t h e main t e x t .
SPECTRAL SYNTHESIS ALGORITHM
A d i r e c t way of c o n s t r u c t i n g a nonsingular modal m a t r i x i s t o g e n e r a t e t h e e i g e n v e c t o r s which s a t i s f y equation ( 6 ) s e q u e n t i a l l y and i n s u r e t h a t they do n o t l i e i n t h e eigenspace generated by t h e v e c t o r s a l r e a d y s y n t h e s i z e d . The a l g o r i t h m presented accomplishes t h i s c o n s t r u c t i o n w h i l e c o n s t a n t l y t e s t i n g t o i n s u r e t h a t t h e s e t of e i g e n v e c t o r s i s a l i n e a r l y independent set t o a degree determined by a numerical t o l e r a n c e parameter set by t h e d e s i g n e r . For c l a r i t y o f p r e s e n t a t i o n the a l g o r i t h m is d e t a i l e d f o r real eigenvalue assignments. The following n o t a t i o n s are used throughout t h e a l g o r i t h m p r e s e n t a t i o n :
( 1 ) e q u a l t o zero. ( 6 ) M ( k ) , an elementary upper t r i a n g u l a r m a t r i x of o r d e r n and index 1 , e j is an n-vector with j t h e n t r y e q u a l t o 1 and a l l o t h e r e n t r i e s s p e c i f i e d . is a s u b s e t o f A ( 1 ) ( d e f i n e d i n ( 5 ) ) c o n t a i n i n g t h e i n d i c e s not a l r e a d y used i n t h e c o n s t r u c t i o n o f t h e matrices M ( k ) can be c o n s t r u c t e d i f and only i f Ok # 0 ( r e f . 8 ) .
, -. S t e p 2:
Compute S t e p 3: (ii) if a k = 0, s e l e c t a n o t h e r j E {~( k ' > and r e t u r n t o s t e p 3 ( a ) . r e t u r n t o s t e p 1 f o r t h e n e x t value of k .
(iii) i f a k = o f o r a l l j E {~( k ' > , go t o s t e p 4 .
( a ) if g j ( k ) 2 0, p e r t u r b ( b ) if g j ( k ) = 0 , select a n o t h e r j E and r e t u r n t o s t e p 4 ( a ) . The problem o f eigenvalue assignment i n a l i n e a r t i m e -i n v a r i a n t system u s i n g and r are the number of s t a t e s , i n p u t s , and o u t p u t s , r e s p e c t i v e l y . These condit i o n s p r e c i s e l y i d e n t i f y t h e class of systems where such an assignment i s impossib l e ; l o o p e i g e n v e c t o r s under o u t p u t feedback. assignment i n t r a n s i e n t response s h a p i n g i s i l l u s t r a t e d by t h e d e s i g n o f a c o n t r o ll e r f o r the lateral dynamics of an aircraft. n ,
The s y n t h e s i s technique a l s o h i g h l i g h t s t h e freedom i n s e l e c t i o n of c l o s e dThe u t i l i t y o f e i g e n v a l u e / e i g e n v e c t o r ,
